Topical functions on semimodules and generalizations  by Singer, Ivan & Nitica, Viorel
Linear Algebra and its Applications 437 (2012) 2471–2488
Contents lists available at SciVerse ScienceDirect
Linear Algebra and its Applications
journal homepage: www.elsevier .com/locate/ laa
Topical functions on semimodules and generalizations
Ivan Singer a,∗, Viorel Niticab,a
a
Institute of Mathematics, P.O. Box 1-764, Bucharest, Romania
b
Department of Mathematics, West Chester University, West Chester, PA 19383, United States
A R T I C L E I N F O A B S T R A C T
Article history:
Received 31 August 2011
Accepted 17 June 2012
Available online 17 July 2012
Submitted by H. Schneider
AMS classification:
Primary 06P07
26B25
Secondary 52A01
06P20
Keywords:
Semiring
Semifield
Semimodule
b-complete
Topical function
Strongly supertopical function
Subtopical function
Elementary function
Quasi-elementary function
∧-linear function
Elementary affine function
Quasi-elementary affine function
∧-affine function
Downward set
We give first some characterizations of strongly supertopical re-
spectively topical (that is, increasing strongly superhomogeneous,
respectively increasing homogeneous) functions on a b-complete
semimodule X over a b-complete idempotent semiring (respectively
semifield)K = (K,⊕,⊗), with values inK, that improve and com-
plement the main result of [12]. For example, we show that if K is a
semifield and ε and e denote the neutral elements of K for⊕ and⊗
respectively, then every strongly supertopical function f : X → K
satisfying f (inf X) = ε is topical and that if (and only if)K = {ε, e},
then every strongly supertopical function f : X → K is topical. We
also give characterizations of strongly topical and topical functions
with the aid of some inequalities. Next, generalizing [10], we intro-
duce elementary affine functions f : X → K and we apply them to
obtain characterizations anda representationof topical functions. As
a consequence, we obtain some characterizations of downward sets
in X with the aid of elementary affine functions. Next we extend a
result on topical functions f : Rn → R = (R,max,+) given in [12],
to functions f : RI → R, where I is an arbitrary index set. Finally,
we give characterizations of subtopical (i.e. increasing subhomoge-
neous) functions f : X → K, encompassing results of [10,11]. Our
main tool is residuation theory.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
We recall that if X = (X,⊕,⊗) is a commutative semimodule over a commutative semiring
K = (K,⊕,⊗), a function f : X → K is called
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(a) topical if it is increasing (i.e., the relations x′, x′′ ∈ X, x′  x′′ imply f (x′)  f (x′′), where 
denotes the canonical order onK, respectively on X, defined byλ  μ ⇔ λ⊕μ = μ,∀λ,μ ∈
K, respectively by x  y ⇔ x ⊕ y = y,∀x, y ∈ X) and homogeneous (i.e., f (λx) = λf (x) for all
x ∈ X, λ ∈ K, where λx := λ ⊗ x, λf (x) = λ ⊗ f (x); the fact that we use the same notations
for addition ⊕ both in K and in X and for multiplication ⊗ both in K and in K × X will lead to
no confusion);
(b) supertopical if it is increasing and superhomogeneous (i.e., f (λx)  λf (x) for all x ∈ X, λ ∈ K
with λ  e, where e denotes the neutral element of (K,⊗));
(c) subtopical (see e.g. [10,11]) if it is increasing and subhomogeneous (i.e., f (λx)  λf (x) for all
x ∈ X, λ ∈ K with λ  e).
In addition to these concepts, we shall call a function f : X → K
(d) strongly supertopical if it is increasing and strongly superhomogeneous (i.e., f (λx)  λf (x) for all
x ∈ X, λ ∈ K).
These definitions will be used also when X is replaced by Rn or the set RI (see below), although they
are not semirings.
In view of (b) and (c) above and for later applications it will be convenient to use the notation
K+ := {λ ∈ K|λ  e}. (1)
In the paper [12] the first author has given extensions of some results of [10] from topical functions
f : Rn → R,where R := (R,max,+), to topical functions defined on a semimodule X over a semifield
K (i.e., a semiringK such that all elements ofK\{ε} are invertible, where ε is the neutral element ofK
for the addition ⊕), with values in K. One of these results was [10, Theorem 5.2], according to which
the finite topical functions f : Rn → R are precisely the pointwise maxima of sets of “elementary
functions” (see Definition 2a)) and hence also of “∧-linear” functions (see Definition 2(b)), where ∧
is the infimum operation determined by the partial order relation (which coincides with the usual
componentwise infimum inRn). In theproof of this result, given in [10], the invertibility of the elements
of Rn for ⊗ = + has been used (and hence, when passing to Rnmax := ((R ∪ {−∞})n,max,+), with
max and + understood componentwise, the fact that Rnmax is a semi-algebra), but in [12] it has been
shown that, instead, it suffices to use the invertibility of the elements of R for⊗ = + (in other words,
the fact that (Rnmax,max,+) is a semimodule over Rmax = (R ∪ {−∞},max,+)), provided that one
slightly modifies the initial proof of Rn (namely replacing y by−y, –see Remark 5 (c) below).
Some other difficulties of the extension from functions defined on an ordered set X, with values
in R, to functions with values in a semifield K or in a semiring K, are that while R is totally ordered
(i.e., for any λ,μ ∈ R we have either λ  μ or λ  μ), in general K is only partially ordered, and
that while R does not contain −∞, K contains a smallest element ε (which is the neutral element of
K for the addition⊕).More generally than in [12], here we shall investigate also the case of functions
defined on a b-complete semimodule X over a b-complete semiring K with idempotent addition ⊕,
with values in K (to be recalled below), in which case an additional difficulty is that the elements of
K\{ε} need not be invertible. Our main tool for achieving this extension will be residuation theory
([3,2,4,7]).
One of the important structures studied in [10] and other subsequent papers, was the Banach space
X = RI of all bounded vectors x = (xi)i∈I where I is an arbitrary index set and xi ∈ R,∀i ∈ I, endowed
with the supremum norm
‖x‖ = sup
i∈I
|xi|, ∀x = (xi)i∈I ∈ RI, (2)
with the componentwise vector operations and the order relation x′  x′′ ⇔ x′i  x′′i ,∀i ∈ I.
For simplicity, in [10] the results and proofs on RI, endowed with the semimodule operations x′ ⊕
x′′ := (max(x′i, x′′i ))i∈I, λx = (λxi)i∈I, have been given only for the case of finite index sets I, with
the mention that most of them remain valid for arbitrary index sets I. Some authors, e.g. Mohebi
[9], Alimohammady and Shahmari [1] and others, have observed that the following concept is more
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general: X is a partially ordered Banach space whose positive cone {x ∈ X|x  0} contains an interior
point u such that
‖x‖u := inf{λ ∈ R| − λu  x  λu}, ∀x ∈ X, (3)
is a norm on X, equivalent to the initial norm of X. However, apparently they have been unaware of
the converse fact (see e.g. [5, p. 133, Theorem 3 and p. 118, Theorem 1 ] and the references therein)
that for such a space X there exists a linear and lattice isomorphism ι of X onto some C(S), where S
is a compact Hausdorff space and C(S) is the Banach space of all real-valued continuous functions on
S with the usual max norm, and hence their results on X are in fact equivalent to results on C(S) ⊂
RS, where ⊂ is the identity inclusion (since a subset M of X is norm bounded, or equivalently, order
bounded, if and only if the image set ι(M) is norm bounded or equivalently, order bounded, in RS).
The structure of the present paper, continuing [12], is as follows:
In Section 2we shall give some characterizations of strongly supertopical respectively topical func-
tions on a b-complete semimodule X over a b-complete idempotent semiring (respectively semifield)
K, with values inK, that improve and complement themain result of [12]. For example, we shall show
that ifK = (K,⊕,⊗) is a semifield and ε and e denote the neutral elements ofK for⊕ and⊗ respec-
tively, then every strongly supertopical function f : X → K satisfying f (inf X) = ε is topical and that
if (and only if) K = {ε, e}, then every strongly supertopical function f : X → K is topical. We shall
also give characterizations of strongly topical and topical functions f : X → K with the aid of some
inequalities.
In Section 3, generalizing a concept used for the first time in [10, Theorem 8.3 and Remark 8.3], we
shall introduce “elementary affine”, “elementary quasi-affine” and “∧-linear” functions f : X → K
andweshall apply themtoobtain characterizations of strongly supertopical and topical functions anda
representation of strongly supertopical functions.We shall also give an application to characterizations
of “downward sets” (i.e., subsets of X which alongwith each element also contain all smaller elements)
with the aid of elementary affine functions.
In Section 4we shall extend a result of [12] on topical functions f : Rn → R (see [12, Theorem 5]) to
functions f : RI → R,where I is an arbitrary index set and R = (R,max,+) (which is not a semiring,
since it has no neutral element for ⊕ = max). This extension is relevant in view of the embedding of
every X belonging to the ”special class of Banach spaces”, into some RS, mentioned above.
Finally, in Section 5 we shall obtain extensions of the characterizations of subtopical functions
f : Rn → R given in [10, Theorems 8.2, 8.3], to functions f : X → K, where X is a semimodule over a
semifield K, in terms of their homogeneous extension fˆ : X × K → K or with the aid of elementary
affine functions.
2. Elementary, quasi-elementary and ∧-linear functions f : X → K
Let us consider the following basic assumptions:
(A0) K = (K,⊕,⊗) is a b-complete commutative semiring with idempotent addition ⊕ (i.e. such
that λ ⊕ λ = λ for all λ ∈ K) and that the supremum of each (order-) bounded from above subset of
K belongs to K; also, X is a b-complete semimodule over K, with idempotent addition. We recall (see
e.g. [8]) that a semiring K, or a semimodule X (over a semiring K) is called b-complete, if it is closed
under the sum⊕ of any subset (order-) bounded from above and themultiplication⊗ distributes over
such sums. In the sequel we shall assume, without any special mention, that the additions⊕ inK and
X are idempotent.
(A1) For all elements x ∈ X and y ∈ X\{inf X} the set {λ ∈ K|λy  x} is (order-) bounded from
above, where denotes the canonical order on K, respectively on X, defined by λ  μ ⇔ λ ⊕ μ =
μ (λ,μ ∈ K), respectively by x  y ⇔ x ⊕ y = y (x, y ∈ X).
Instead of (A0), we shall often make the following assumption:
(A0′) K = (K,⊕,⊗) is a b-complete semifield (hence commutative, by Iwasawa’s theorem–see
e.g. [3]), i.e., a b-complete semiring in which every μ ∈ K\{ε} is invertible for the multiplication ⊗,
where ε denotes the neutral element of (K,⊕); also, X is a b-complete semimodule over K.
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In the sequel, for simplicity, we shall omit the adjective “b-complete”.
Remark 1. We shall not consider here the case when K is a complete (instead of a b-complete)
semifield K, i.e., in which every subset of K has a supremum (and hence also an infimum) in K.
By (A0) and (A1), for each y ∈ X\{inf X} there exists the “residuation” operation / defined by
x/y := max{λ ∈ K|λy  x}, ∀x ∈ X, (4)
and it has, among others, the following properties (see e.g. [4]):
(x′ ∧ x′′)/y = x′/y ∧ x′′/y, ∀x′ ∈ X,∀x′′ ∈ X, (5)
(x/y)y  x, ∀x ∈ X, (6)
(λx)/y  λ(x/y), ∀x ∈ X,∀λ ∈ K, (7)
y/y  e := the neutral element of K for the multiplication ⊗, (8)
x/(μy)  μ−1(x/y), ∀x ∈ X,∀μ ∈ K∗, ∀y ∈ X\{inf X}, (9)
where ∧ is the infimum operation determined by the partial order relation and K∗ denotes the set
of all invertible elements of K for⊗ (so K∗ ⊆ K\{ε}).
If (A0′), (A1) are satisfied, then formulas (7)–(9) become equalities (see e.g. [7]):
(λx)/y = λ(x/y), ∀x ∈ X,∀λ ∈ K, (10)
y/y = e, (11)
x/(μy) = μ−1(x/y), ∀x ∈ X,∀μ ∈ K\{ε},∀y ∈ X\{inf X}). (12)
Therefore, when (A0′), (A1) are satisfied, we can omit the brackets and write simply λx/y instead
of (λx)/y and λ(x/y).
In the sequel we shall accept, without any special mention, thatK has at least two elements, hence
e = ε.
Definition 2. Under the assumptions (A0) and (A1), a function f : X → K is said to be
(a) elementary, if there exists an element y ∈ X\{inf X} such that
f (x) = x/y, ∀x ∈ X; (13)
(b) quasi-elementary, if it is a scalar multiple of some elementary function, i.e., if there exist an
element y ∈ X\{inf X} and a scalar α ∈ K such that
f (x) = (αx)/y, ∀x ∈ X; (14)
(c) ∧-linear, if it is homogeneous and
f (x′ ∧ x′′) = f (x′) ∧ f (x′′), ∀x′ ∈ X,∀x′′ ∈ X. (15)
It is convenient to use for elementary functions the notation f = y, that is,
y(x) := x/y, ∀x ∈ X. (16)
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Remark 3. Under (A0′) and (A1), that is,whenK is a semifield, every elementary function (13) is topical
(by (4) and (10)). Under (A0) and (A1), when K is a semiring which is not necessarily a semifield, then
every elementary function (13) is strongly supertopical (by (4) and (7)) and onemay call it “elementary
strongly supertopical”, but such a function need not be topical (see Example 9 below).
Lemma 4. Let (X,K) be a pair satisfying assumptions (A0) and (A1), and let f : X → K be a strongly
supertopical function and y ∈ X\{inf X}. Then for the function t = ty defined by
ty(x) = f (y)(x/y), ∀x ∈ X, (17)
we have
ty  f , ty(y) = f (y). (18)
Proof. By (17), y ∈ X\{inf X}, (6) and since f is strongly supertopical, we have:
ty(x) = f (y)(x/y)  f ((x/y)y)  f (x), ∀x ∈ X, (19)
hence the first part of (18) holds. In particular:
ty(y)  f (y). (20)
On the other hand (8) implies
ty(y) = f (y)(y/y)  f (y)e = f (y), (21)
and thus the second part of (18) holds. 
Remark 5. (a) If K is a semifield, then each quasi-elementary function ty of (14) with y ∈ X\{inf X} and
α ∈ K\{ε} is elementary, since by (14) and (12) we have
ty(x) = αx/y = x/α−1y, ∀x ∈ X. (22)
Moreover, note that by [12, Remark 3 (a)], there exists only one element z ∈ X\{inf X} such that
αx/y = ty(x) = x/z, ∀x ∈ X, (23)
namely z = α−1y.
On the other hand, if α = ε, then ty above is the constant function ty(x) = ε for all x ∈ X, so ty
is ∧-linear. However, it is not elementary. Indeed, taking any x0 ∈ Rn in formula (25) below, valid for
elementary functions, we have ty(x0) ∈ R, so ty(x0) = ε, which is a contradiction.
(b) In particular, ifK is a semifield and f (X\{inf X}) ⊆ K\{ε}, then as has been observed also in the
proof of [12, Theorem 4], all functions ty of (17) are elementary. Remark (a) above and Lemma 4 show
why it is justified to take ty as in the proof of [12, Theorem 4], namely ty = (f (y)−1y)♦. However, the
claimmade in the proof of [12, Theorem 4] that for this function ty we have ty(X\{inf X}) ⊆ K\{ε}, is
not true. Indeed, in [12], formulae (28) and (29), it has been shown that in the particular case of the
b-complete semifield K = Rmax := R ∪ {−∞}, with the operations ⊕ = max,⊗ = +, and the
b-complete semimodule X = Rnmax := (Rmax)n over K, for each elementary function
ty(x) = x/y, ∀x ∈ Rnmax, (24)
where y ∈ Rnmax\{inf Rnmax}, we have
ty(x) =
⎧⎨
⎩
min1in(xi ⊗ (−yi)) ∈ R if x ∈ Rn,
−∞ if x ∈ Rnmax\Rn.
(25)
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(c) In [12], instead of Rnmax and ty : Rnmax → Rmax,wehaveworkedwith the set Rn and the functions
t−y : Rn → Rwhich are, by (17),
t−y(x) = x/ − y = min
1in
(xi + yi) ∈ R, ∀x ∈ Rn, (26)
and hence by (19), (20) and (21), t−y  f , t−y(−y) = f (−y),∀y ∈ Rn. However, that argument
cannot be used in Rnmax : indeed, while −y exists in Rn, it does not exist in Rnmax for y having a −∞
entry.
(d) Instead of ty of (17), (22) and (24), more complete notations would be ty,f (y), ty,α and ty,e
respectively. However, we prefer to use the simpler notation ty, which will lead to no confusion.
We have the following characterizations of strongly supertopical functions:
Theorem 6. Let (X,K) be a pair satisfying assumptions (A0) and (A1). For a function f : X → K the
following statements are equivalent:
1◦. f is strongly supertopical.
2◦. We have
f (y)(x/y)  f (x), ∀x ∈ X,∀y ∈ X\{inf X}, (27)
and in addition
f (inf X)  f (x), ∀x ∈ X, (28)
f (inf X)  λf (inf X), ∀λ ∈ K. (29)
3◦. We have (28), (29) and f is the pointwisemax of quasi-elementary functions, at each x ∈ X\{inf X},
namely
f (x) = max
y∈A ty(x), ∀x ∈ X\{inf X}, (30)
where A is a subset of X\{inf X} (depending only on f ) and ty : X → K,∀y ∈ X\{inf X}, are the functions
(17).
Proof. 1◦ ⇒ 2◦. Assume that f : X → K is a strongly supertopical function. Then by (19) we have
(27). Furthermore, since f is increasing, we have (28). Finally, by λ inf X = inf X,∀λ ∈ K and since f
is strongly superhomogeneous, we obtain (29).
2◦ ⇒ 3◦. Assume now that 2◦ holds and f ≡ ε. Choose
A := (X\(f−1(ε))) ∩ (X\{inf X}) = ∅, (31)
and for each y ∈ A let us consider the functions ty : X → K defined by (17). Then by (19) we have
max
y∈A ty(x)  f (x), ∀x ∈ X. (32)
Now let x ∈ X\{inf X}. If x /∈ A, then by (31) we must have x ∈ f−1(ε), that is, f (x) = ε = minK.
Consequently, by (18),
ε  ty(x)  f (x) = ε, ∀y ∈ A,
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which yields f (x) = ty(x),∀y ∈ A, whence (30) for this x, with the max being attained for any y ∈ A.
On the other hand, if x ∈ A ⊆ X\{inf X}, then by (18) applied to y = x we have tx(x) = f (x), which
together with (32) yields (30) for this x, with the max being attained for y = x.
Finally, assume now that 2◦ holds and f ≡ ε. Then clearly we have (28) and (29). Furthermore, for
all functions ty, y ∈ X\{inf X}, of (17) we have
ty(x) = f (y)(x/y) = ε = f (x), ∀x ∈ X,
that is, ty ≡ f for all y ∈ X\{inf X}, and hence (30) holds for any non-empty subset A of X\{inf X}.
3◦ ⇒ 1◦. Let us first observe that every quasi-elementary function ty : X → K, y ∈ X\{inf X}, is
strongly supertopical. Indeed, by (7) ty is strongly superhomogeneous:
ty(λx) = f (y)((λx)/y)  f (y)λ(x/y) = λty(x).
Also, if x′, x′′ ∈ X, x′  x′′, then
ty(x
′) = f (y)(x′/y)  f (y)(x′′/y) = ty(x′′),
so ty is increasing. Hence by (30), f is increasing and strongly superhomogeneous on X\{inf X}. But, by
(28) and (29), these properties of f remain valid also on thewhole setX , so f is strongly supertopical. 
We have the following improvement of [12, Theorem 4] on characterizations of topical functions:
Theorem 7. Let (X,K) be a pair satisfying assumptions (A0′) and (A1). For a function f : X → K the
following statements are equivalent:
1◦. f is topical.
2◦. We have
f (inf X) = ε, (33)
f (y)x/y  f (x), ∀x ∈ X,∀y ∈ X\{inf X}. (34)
3◦. We have (33) and f is the pointwisemax of quasi-elementary functions, namely
f (x) = max
y∈A ty(x), ∀x ∈ X, (35)
where A is a subset of X\{inf X} (depending only on f ) and ty : X → K,∀y ∈ X\{inf X}, are
the functions (17).
4◦. We have (33) and f is the pointwisemax of ∧-linear functions s : X → K, namely
f (x) = max
s:X→K ∧-linear
sf
s(x), ∀x ∈ X. (36)
5◦. We have (33) and f is the pointwisemax of elementary topical functions ty : X → K, namely
f (x) = max
y∈A ty(x), ∀x ∈ X, (37)
where A is a subset of X\{inf X} (depending only on f ) and ty : X → K, y ∈ A, are the functions
ty(x) = x/f (y)−1y, ∀x ∈ X. (38)
6◦. We have (33) and f is strongly supertopical.
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Proof. 1◦ ⇒ 2◦. Assume that f : X → K is a topical function. Then since K is a semifield we have
λ inf X = inf X,∀λ ∈ K (see e.g. [4, formula 11(c)]) whence since f is homogeneous, we obtain
f (inf X) = f (ε inf X) = εf (inf X) = ε,
which proves (33). Furthermore, any topical function is strongly supertopical, so by (19) we have (34).
2◦ ⇒ 3◦. Assume now that 2◦ holds. By (33) we have inf X ∈ f−1(ε) := {x ∈ X|f (x) = ε}, and
thus
X\{f−1(ε)} ⊆ X\{inf X}. (39)
Define
A := X\{f−1(ε)} (40)
and for each y ∈ A let us consider the functions ty : X → K defined by (17). Then by (39), (40) and
(19) we have maxy∈A ty(x)  f (x).
Now let x ∈ X. If x ∈ f−1(ε), that is, f (x) = ε = minK, then by (18) and (39),
ε  ty(x)  f (x) = ε, ∀y ∈ X\f−1(ε),
which yields f (x) = maxy∈X\f−1(ε) ty(x), that is, (35) with A := X\f−1(ε) and with the max attained
for any y ∈ A. On the other hand, if x ∈ A, then by (39), (40) and (21) applied to y = x we have
tx(x) = f (x), which yields (35) with the max attained for y = x.
3◦ ⇒ 4◦. If 3◦ holds, then since by (5), (7) and Lemma 4 every quasi-elementary function ty is∧-linear and satisfies (18), we obtain
f (x) = max
y∈A ty(x)  sups:X→K ∧-linear
sf
s(x)  f (x), (41)
whence 4◦ follows (with the sup in (41) being attained for any s = ty for which maxy∈A ty(x) is
attained).
4◦ ⇒ 1◦. Let us first observe that every∧-linear function f : X → K is topical. Indeed, by definition
f is homogeneous, and if x′, x′′ ∈ X, x′  x′′, then
f (x′) = f (x′ ∧ x′′) = f (x′) ∧ f (x′′)  f (x′′),
so f is increasing. Hence the implication 4◦ ⇒ 1◦ is a consequence of the fact that every (pointwise)
supremum of a family of topical functions is topical. Thus 1◦ ⇔ · · · ⇔ 4◦.
The equivalence 3◦ ⇔ 5◦ follows from Remark 5 (a). Furthermore, the implication 1◦ ⇒ 6◦ (valid
for any semiring K) follows from the first part of the implication 1◦ ⇒ 2◦ proved above and from the
obvious fact that every topical function is strongly supertopical. In the opposite direction, by 6◦ we
have (33), and 6◦ implies (34) by Theorem 6 (implication 1◦ ⇒ 2◦). Thus, we have 2◦, which by the
implication 2◦ ⇒ 1◦ proved above, implies 1◦. 
Corollary 8. If (X,K) is a pair satisfying assumptions (A0′) and (A1) andK = {ε, e}, then every strongly
supertopical function (and hence every elementary function) f : X → K is topical.
Proof. If f (inf X) = ε, then by Theorem 7 f is topical.
Assume now that
μ := f (inf X) = ε, (42)
so μ is invertible. Then since K is a semifield and f is strongly supertopical, we have
μ = f (inf X) = f (λ inf X)  λf (inf X) = λμ, ∀λ ∈ K,
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so μ  λμ,∀λ ∈ K. Hence, if λ is invertible, then replacing here λ by λ−1, we get μ  λ−1μ,
that is, λμ  μ, whence overall λμ = μ,∀λ ∈ K\{ε}. Multiplying both sides with μ−1, it follows
that λ = e,∀λ ∈ K\{ε}, so K = {ε, e}. However, this contradicts our assumption on K, so (42) is
impossible. 
Not every strongly supertopical function with values in a semifield is topical, so one cannot omit
in statement 5◦ of Theorem 7 the condition (33), as shown by the following example:
Example 9. Let X be a semimodule overK= {ε, e}, the two-element Boolean semifield, and let f ≡ e.
Then f (λx) = λf (x) for x ∈ X, λ ∈ K+ = {e}, so f is strongly supertopical, but f (λx) = e = ε =
λf (x) for x ∈ X, λ = ε, so f is not topical.
From the aboveweobtain the following characterization of the Boolean semifieldK= {ε, e} among
all semifields:
Corollary 10. For a semifield K the following statements are equivalent:
1◦. There exists a semimodule X over K such that the pair (X,K) satisfies (A0′), (A1), and that there
exists a strongly supertopical non-topical function f : X → K.
2◦. K is the two-element Boolean semifield {ε, e}.
In this case, for any function f as in 1◦ we have f (inf X) = e.
Proof. The implication 1◦ ⇒ 2◦ is the Corollary 8. The reverse implication 2◦ ⇒ 1◦ follows from
Example 9. The last statement holds by Theorem 7, implication 1◦ ⇒ 2◦. 
Remark 11. (a) If for every topical function f : X → K we have the implication
[∃x0 ∈ X, f (x0) = ε ⇒ f ≡ ε], (43)
then the proofs of those results on topical functions that are immediate for f ≡ ε can be reduced to
proofs for finite topical functions (i.e., functions f : X → K\{ε}). However, in general, as shown by
the counterexample for X = Rnmax given in Remark 5(b) above, (43) is not always valid.
(b) The implication (43) is true for every topical function f : X → K if the following condition is
satisfied:
(C) For each pair of elements x ∈ X\{inf X}, y ∈ X, there exists a scalar λ ∈ K such that y 
λx.
Indeed, if (C) holds and f is topical, then for every x0 ∈ X such that f (x0) = ε and every y ∈ X we
have f (y)  f (λx0) = λf (x0) = ε, so f ≡ ε. For example, by [10, Proposition 2.2], condition (C) is
satisfied when X = RI, K = R, where I is a finite index set (see the Introduction), since I being finite,
one can take λ := maxi∈I(yi − xi), and similarly, by [11, Theorem 3.1] condition (C) is satisfied when
X = An,K = A, with A being a conditionally complete lattice ordered group.
(c) In a complete semimodule X, i.e. in which every subset has a supremum and an infimum,
or in a Banach space X, the implication (43) is true, since in these cases the proof of (43) given
in [9, Proposition 2] and [1, Theorem 2.5] works (this is the underlying fact that has permitted
in [10,11] and [9,1] to extend some results on functions with values in R to functions with val-
ues in Rmax (and even in R = Rmax ∪ {+∞}). However, it does not work in Rnmax, which is only
b-complete, but not complete, which explains the counter-example given in Remark 5(b)
above.
(d) We want to correct here an omission of [12], by mentioning that some related concepts and
results, in the context of increasing positively homogeneous functions defined on a cone C of a locally
convex space X endowedwith the order induced by the closure C of C,with values in R+ = R∪{+∞},
have been given in the article [6], of which we have been unaware. Also, we thank J.-E. Martínez-Legaz
for reference [1].
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3. Elementary affine, quasi-elementary affine and ∧-affine functions f : X → K
In order to obtain further results on topical functions, let us introduce the following concepts:
Definition 12. Under the assumptions (A0) and (A1), a function f : X → K will be called
(a) elementary affine, if there exist y ∈ X\{inf X} and d ∈ K such that
f (x) = sy,d(x) := inf{x/y, d} = inf{max{λ ∈ K|λy  x}, d}, ∀x ∈ X; (44)
(b) quasi-elementary affine, if it is a scalar multiple of some elementary affine function, i.e., if there
exist an element y ∈ X\{inf X} and two scalars d, α ∈ K such that
f (x) = sy,d,α(x) = inf{α(x/y), d} ∀x ∈ X; (45)
(c) ∧-affine, if there exist a∧-linear function←→f : X → K and d ∈ K such that
f (x) = inf{←→f (x), d}, ∀x ∈ X. (46)
Obviously, in the particular case when K is totally ordered, inf = min in Definition 12.
Remark 13. (a) sy,d(x) and sy,d,α(x) are defined for all x ∈ X and α, d ∈ K, but only for y ∈
X\{inf X}.
(b) Clearly, sy,ε(x) = inf{x/y, ε} = ε and sy,d,ε(x) = inf{εx/y, d} = ε, for all x ∈ X, y ∈ X\{inf X}
and d ∈ K.
(c) By (44) and (16) we have
sy,d(x) = inf{y(x), d}, ∀x ∈ X,∀y ∈ X\{inf X},∀d ∈ K, (47)
that is, sy,d is the (pointwise) inf of the elementary function y
 and the constant function d:
sy,d = inf{y, d}, ∀y ∈ X\{inf X},∀d ∈ K; (48)
thus in general sy,d is not homogeneous and hence not topical.
(d) The following fact corresponds to Remark 5 (a): If K is a semifield, then every quasi-elementary
affine function sy,d,α with y ∈ X\{inf X}, d ∈ K and α ∈ K\{ε} is elementary affine, since by (9)
we have
sy,d,α(x) = inf{αx/y, d} = inf{x/α−1y, d}. (49)
(e) In particular when X = Rnmax,K = Rmax, by (44) and Remark 5 (b) we have
sy,d(x) = min{ min
1in
(xi ⊗ (−yi)), d}, ∀x ∈ Rnmax,
∀y ∈ Rnmax\{inf Rnmax},∀d ∈ Rmax, (50)
while in [10, Theorem 8.3 and Remark 8.3] the following mappings Rn → R have been introduced in
order to play the role of generalizations of affine functions:
s−y,d(x) = min{ min
1in
(xi ⊗ yi), d}, ∀x ∈ Rn,∀y ∈ Rn,∀d ∈ R. (51)
More generally, suchmappings as (51), definedwith the aid of a “coupling function”ϕ(x, y), have been
introducedwithout any name in [10, Theorem8.3 andRemark 8.3], forX = RI andK = R,where I is an
I. Singer, V. Nitica / Linear Algebra and its Applications 437 (2012) 2471–2488 2481
arbitrary index set, in [11, Theorem 9.4 ] for X = An andK = A,with A being a conditionally complete
lattice ordered group, and in [1] for X belonging to “a class of ordered Banach spaces”; however, the
latter X can be identified linearly and latticially with C(S) ⊂ RS,where S is a compact Hausdorff space
and C(S) is the Banach space of all real-valued continuous functions on S (see the Introduction).
(f) In (c) above we have noted that an elementary affine function sy,d need not be topical. However,
when K is a semifield, every elementary affine function sy,d is subtopical. Indeed, for each λ ∈ K+
and d ∈ K we have d  λd, whence by (10), for each x ∈ X and y ∈ X\{inf X} we obtain
sy,d(λx) = inf{λx/y, d}  inf{λx/y, λd} = λ inf{x/y, d} = λsy,d(x),
which proves our assertion.
Using Theorem 6 we obtain the following result on the representation of strongly supertopical
functions:
Theorem 14. Let (X,K) be a pair satisfying assumptions (A0) and (A1). Then every strongly supertopical
function f : X → K is the pointwise sup of quasi-elementary affine functions sy,d,α : X → K, namely
f (x) = max
(y,d,α)∈(X\{inf X})×K×K
sy,d,αf
sy,d,α(x), ∀x ∈ X\{inf X}. (52)
If (X,K) satisfies assumptions (A0′)and (A1), then sy,d,α in this formula are elementary affine functions,
and formula (52) holds also for x = inf X.
Proof. Given a strongly supertopical function f : X → K, x ∈ X and y ∈ X\{inf X}, by (19)–(21) we
have
ty(x) = f (y)(x/y)  f (x) (53)
ty(y) = f (y)(y/y) = f (y), (54)
whence, choosing α = f (y) ∈ K, d = f (x), we obtain (y, d) ∈ (X\{inf X}) × K and
sy,d,α(x) = inf{α(x/y), d} = inf{ty(x), d} = ty(x). (55)
Consequently, by (30) and (53), we get
f (x) = max
y∈A ty(x)  sup(y,d,α)∈(X\{inf X})×K×K
sy,d,αf
sy,d,α(x)  f (x), ∀x ∈ X\{inf X},
whence
f (x) = sup
(y,d,α)∈(X\{inf X})×K×K
sy,d,αf
sy,d,α(x), ∀x ∈ X\{inf X}. (56)
But, if x ∈ f−1(ε), that is, f (x) = ε, then by Remark 13 (b), we have
sy,d,ε(z) = ε  f (z) ∀z ∈ X,∀(y, d) ∈ (X\{inf X}) × K,
sy,d,ε(x) = ε = f (x), ∀(y, d) ∈ (X\{inf X}) × K,
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so the sup in (56) is attained for α = ε. On the other hand, if x ∈ A := X\{f−1(ε)}, then choosing
y = x ∈ A ⊆ X\{inf X} and α = d = f (x) ∈ K\{ε}, we have, by (6) and (8),
sx,f (x),f (x)(z) = inf(f (x)z/x, f (x))  f (x)z/x  f (x), ∀z ∈ X,
sx,f (x),f (x)(x) = inf(f (x)x/x, f (x)) = f (x),
which proves that the sup in (56) is again attained. Thus, we have (52).
Finally, when K is a semifield, the last statement follows from Remark 13 (d) and formula (37),
which holds for x ∈ X. 
Remark 15. The converse of Theorem 14 is not valid, i.e., not every pointwise sup of quasi-elementary
affine functions is strongly supertopical. Indeed, for example in the particular case where X = Rnmax
and K = Rmax, in [10, Theorem 8.3] it has been shown that the representation (52) holds even for the
more general class of the subtopical functions; for a related result see also [1, Theorem 3.3].
Although in general sy,d need not be topical, we have the following result corresponding to the
equivalence 1◦ ⇔ 2◦ of Theorem 7:
Theorem 16. Let (X,K) be a pair satisfying assumptions (A0′) and (A1). For a function f : X → K the
following statements are equivalent:
1◦. f is topical.
2◦. We have (33) and
f (y)sy,d(x)  f (x), ∀x ∈ X,∀y ∈ X\{inf X},∀d ∈ K\{ε}. (57)
Proof. 1◦ ⇒ 2◦ : If 1◦ holds, then by Theorem 7, implication 1◦ ⇒ 2◦, we have (33). Furthermore,
by (19) we have (34). Consequently, by (44) and (34), for each x ∈ X, y ∈ X\{inf X} and d ∈ K\{ε}we
obtain
f (y)sy,d(x) = f (y) inf{x/y, d}  f (y)x/y  f (x),
whence (57).
2◦ ⇒ 1◦ : Assume 2◦ and let x ∈ X, y ∈ X\{inf X}. Then, by 2◦ with d = x/y, we have
f (y)x/y = f (y) inf{x/y, x/y} = f (y)sy,x/y(x)  f (x).
Hence by the assumption (33) and by Theorem 7, implication 2◦ ⇒ 1◦, f is topical. 
If (X,K) is a pair satisfying assumptions (A0′) and (A1), then one can give a characterization of the
set
Xaff := {sy,d|(y, d) ∈ (X\{inf X}) × (K\{ε})} (58)
of elementary affine functions, encompassing e.g. [1, Theorem 3.2], as follows:
Proposition 17. Under the assumptions (A0′), (A1), the mapping
ξ : (X\{inf X}) × (K\{ε}) → Xaff := {sy,d|y ∈ X\{inf X}, d ∈ K\{ε}}, (59)
defined by (y, d) → sy,d, with sy,d of (44), is a bijection.
Proof. If sy,d ∈ Xaff , then clearly sy,d = ξ(y, d). Thus ξ is onto.
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Assume now that (y′, d′), (y′′, d′′) ∈ (X\{inf X})×K\{ε}, sy′,d′ = sy′′,d′′ . Then by (44) and (8) we
have
sy′,d′(d
′y′) = inf{d′y′/y′, d′) = d′, (60)
whence by our assumption and (44),
d′ = sy′,d′(d′y′) = sy′′,d′′(d′y′) = inf{d′y′/y′′, d′′}  d′′, (61)
so d′  d′′. Hence, interchanging the roles of d′ and d′′, we obtain d′′  d′, so d′ = d′′. Furthermore,
by (61), we have
d′ = inf{d′y′/y′′, d′′}  d′y′/y′′,
whence e = (d′)−1d′  y′/y′′, and therefore, by (6), y′′ = y′′e  y′′y′/y′′  y′, so y′′  y′. Hence,
interchanging the roles of y′ and y′′, we obtain y′  y′′, so y′ = y′′. Thus ξ is one-to-one. 
Remark 18. Let us recall that for a pair (X,K) satisfying (A0) and (A1), a subset G of X is said to be
downward, if
g ∈ G, x ∈ X, x  g ⇒ x ∈ G. (62)
According to [12, Theorem 7], for a subset G of X the following statements are equivalent:
1′ . G is downward.
2′ . For each x ∈ (X\G)\{inf X} there exists y ∈ X\{inf X} such that
e  y(g) (g ∈ G), e  y(x). (63)
3′ . For each x ∈ (X\G)\{inf X} we have
e  x(g), ∀g ∈ G. (64)
From these characterizations of downward sets one can easily deduce some characterizations of down-
ward sets with the aid of elementary affine functions, namely 1′ above is equivalent to each of the
following statements:
2◦. For each x ∈ (X\G)\{inf X} and d ∈ K+ there exists y ∈ X\{inf X} such that
e  sy,d(g) (g ∈ G), e  sy,d(x). (65)
3◦. For each x ∈ (X\G)\{inf X} and d ∈ K+ we have
e  sx,d(g), ∀g ∈ G. (66)
Indeed, by definition, (65) and (66) mean that
e  inf{y(g), d} (g ∈ G), e  inf{y(x), d}, (67)
e  inf{x(g), d}, ∀g ∈ G. (68)
Observe now that if d ∈ K+, then for any λ ∈ K we have the obvious equivalence
e  λ ⇔ e  inf(λ, d). (69)
Hence 2◦ ⇔ 2′ and 3◦ ⇔ 3′.
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4. On topical functions f : RI → R
Weshall shownow that Theorem7 above implies a result given essentially in [12] (see [12, Theorem
5]) on topical (i.e., increasing homogeneous) functions f : RI → R = (R,max,+). This extension is
relevant in view of the embedding of every X belonging to the ”special class of Banach spaces”, into
some RS, mentioned in the Introduction.
To this end, we shall use the b-complete semifield K = Rmax and the b-complete semimodule
X = RImax over K. Let us first prove the following:
Lemma 19. Let f : RI → R be a (finite) topical function and define an extension f˜ : RImax → Rmax of f by
f˜ (x) =
⎧⎨
⎩
f (x) if x ∈ RI
−∞ if x ∈ RImax\RI.
(70)
Then f˜ is topical.
Proof. Let x′ = (x′i)i∈I, x′′ = (x′′i )i∈I ∈ RImax, x′i  x′′i ,∀i ∈ I. If x′i > −∞, then x′′i > −∞ ,∀i ∈ I,
and hence, by (70) and our assumption on f , we have f˜ (x′) = f (x′)  f (x′′) = f˜ (x′′). On the other
hand, if x′ ∈ RImax\RI, then by (70), f˜ (x′) = −∞  f˜ (x′′). Thus f is increasing.
Now let x ∈ RImax and λ ∈ Rmax. If x ∈ RI and λ ∈ R, then λx ∈ RI and hence, by (70) and
our assumption on f , we have f˜ (λx) = f (λx) = λf (x) = λ˜f (x). On the other hand, if x ∈ RI and
λ = −∞, then by (70), f˜ (λx) = f˜ (−∞) = −∞ = λ˜f (x). Finally, if x ∈ RImax\RI, then by (70),
f˜ (λx) = −∞ = λ˜f (x). Thus f is homogeneous. 
Definition 20. We shall call the function f˜ defined by (70) the extension of f by −∞.
Now we can deduce from Theorem 7 the following result (see [12, Theorem 5]):
Theorem 21. A function f : RI → R is topical if and only if we have
f = max
l:RI→R ∧-linear
lf
l. (71)
Proof. The “if” part is immediate, as in the above proof of Theorem 7, since every ∧-linear function
l : RI → R is topical.
Conversely, assume now that f : RI → R is a topical function and let y ∈ RI. Take X = RImax and
K = Rmax and let f˜ : RImax → Rmax be the extension (70) of f by −∞. Then by Lemma 19 f˜ is topical
and therefore by Theorem 7 there exist∧-linear functions sy : RImax → Rmax such that
f˜ (x) = max
y∈RImax \˜f−1({−∞})
sy(x), ∀x ∈ RI. (72)
For each y ∈ RI let us define l = ly : RI → Rmax by
ly := sy|RI . (73)
Then by (73) and the first part of (25) we have ly(R
I) = sy(RI) ⊆ R. Also, by (73) and since each
sy is ∧-linear, it follows that so is each ly : RI → R. But, by RImax = RI ∪ (RImax\RI) and (70) we have
RImax\˜f−1({−∞}) = RI. Consequently, by (72) and (73), we obtain
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f (x) = max
y∈RI
ly(x)  sup
l:RI→R ∧-linear
lf
l(x)  f (x), x ∈ RI, (74)
which yields (71) (with the sup in (74) being attained for any l = ly for which maxy∈RI ly(x) is at-
tained). 
Remark 22. Theorem 21 can be also proved directly, similarly to Theorem 7.
5. Subtopical functions
Throughout this Section we shall assume, without any special mention, that (X,K) is a pair satis-
fying (A0′), (A1). Note that X × K has a natural structure of semimodule over K, with
μ(x, λ) = (μx, μλ), ∀x ∈ X,∀λ ∈ K,∀μ ∈ K, (75)
inf(X × K) = (inf X, ε). (76)
Moreover, it is easy to see that for any (x, λ) ∈ X × K, (y, μ) ∈ (X × K)\(inf X, ε), the residuation
(x, λ)/(y, μ) = max{β ∈ K|β(y, μ)  (x, λ)}
is the following:
(x, λ)/(y, μ) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
inf{x/y, λ/μ} if y = inf X, μ = ε
λ/μ if y = inf X, μ = ε
x/y if y = inf X, μ = ε.
(77)
Note that the semimodule (X × K,K) satisfies the assumptions (A0′), (A1).
Lemma 23. For any function f : X → K the function fˆ : X × K → K defined by
fˆ (x, λ) :=
⎧⎨
⎩
λf (λ−1x) if (x, λ) ∈ X × (K\{ε})
ε if x ∈ X, λ = ε, (78)
is homogeneous. Moreover, we have
f (x) = fˆ (x, e), x ∈ X. (79)
Proof. Formula (79) is obvious.We show that fˆ is homogenous. Assumefirst that (x, λ) ∈ X×(K\{ε}).
If μ = ε, then
fˆ (μ(x, λ)) = fˆ (μx, λμ) = (λμ)f ((λμ)−1(μx)) = (λμ)f (λ−1x)) = μfˆ (x, λ).
On the other hand, for μ = ε we obtain
fˆ (ε(x, λ)) = fˆ (εx, ελ) = fˆ (inf X, ε) = ε = εfˆ (x, λ).
Assume now that (x, λ) ∈ X × {ε} and μ = ε. Then
fˆ (μ(x, λ)) = fˆ (μ(x, ε)) = fˆ (μx, ε) = ε = με = μfˆ (x, λ).
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Finally, assume that (x, λ) ∈ X × {ε} and μ = ε. Then
fˆ (μ(x, λ)) = fˆ (ε(x, ε)) = fˆ (inf X, ε) = ε = μfˆ (x, λ). 
Definition 24. Let f : X → K be a function. The function fˆ : X ×K → K defined by (78) is called the
homogeneous extension of f .
We have the following characterization of subtopical functions, encompassing [10, Theorem 8.2]
and [11, Theorem 9.3]:
Theorem 25. A function f : X → K is subtopical if and only if its homogeneous extension fˆ : X×K → K
is increasing in both variables (x, λ) ∈ X × K.
Proof. Assume that f is subtopical.
Let (x, λ), (x′, λ′) ∈ X × K, (x, λ)  (x′, λ′), that is, x  x′ and λ  λ′.
Ifλ = ε, λ′ = ε, then, sinceλ′λ−1  e, f is subhomogeneous and increasing, andλ′−1x  λ′−1x′,
one has
fˆ (x, λ) = λf (λ−1x) = λf ((λ′λ−1)(λ′−1x))  λλ′λ−1f (λ′−1x)
= λ′f (λ′−1x)  λ′f (λ′−1x′) = fˆ (x′, λ′).
Furthermore, if λ = ε ( λ′), then
fˆ (x, λ) = fˆ (x, ε) = ε  fˆ (x′, λ′).
Finally, if λ′ = ε, then λ = ε (by λ  λ′), and we are in the preceding case. Thus fˆ is increasing in
both variables (x, λ).
Conversely, assume that fˆ is increasing in both variables (x, λ) and let x, x′ ∈ X, x  x′. Then by
(79) and since fˆ is increasing in the first variable,
f (x) = fˆ (x, e)  fˆ (x′, e) = f (x′),
which proves that f is increasing.
Assume now that λ ∈ K+ and x ∈ X . Then (λx, e)  (λx, λ), whence by (78), (79), and since fˆ is
increasing in the second variable, one has
f (λx) = fˆ (λx, e)  fˆ (λx, λ) = λf (λ−1λx) = λf (x),
so f is subhomogeneous. Thus f is subtopical. 
We have the following representation theorem encompassing [10, Theorem 8.3] and [11, Theorem
9.4]:
Theorem 26. A function f : X → K is subtopical if and only if there exists a subset M of X × K such that
f (x) = sup
(y,d)∈M
sy,d(x), ∀x ∈ X, (80)
with sy,d of (44).
Proof. If f is subtopical, then by Theorem 25 the homogeneous extension fˆ : X × K → K of f is
increasing, hence topical. Consequently, by Theorem 7, implication 1◦ ⇒ 3◦, there exists a subsetM′
of (X × K)\{(inf X, ε)}), namely
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M′ = (X × K)\fˆ−1({ε}) = {(x, λ) ∈ X × K|fˆ (x, λ) = ε}. (81)
such that
fˆ (x, λ) = sup
(y,μ)∈M′
(x, λ)/(y, μ) ((x, λ) ∈ X × K). (82)
We claim that we have the implication
(x, λ) ∈ M′ ⇒ x = inf X, λ = ε. (83)
Indeed, by (78) we have fˆ (x, ε) = ε, and hence if (x, λ) ∈ M′ then λ = ε. Moreover, since f is
subtopical, we have
f (inf X) = f (ε inf X)  εf (inf X) = ε,
which in turn implies (33). Hence by (33), for any λ ∈ K\{ε}we have
fˆ (inf X, λ) = λf (λ−1 inf X) = λf (inf X) = λε = ε,
and thus if x ∈ X, (x, λ) ∈ M′, then x = inf X, which proves the claim (83).
Hence, by (83) and (77), formula (82) becomes:
fˆ (x, λ) = sup
(y,μ)∈M′
(x, λ)/(y, μ) = sup
(y,μ)∈M′
inf{x/y, λ/μ}. (84)
From (79), (84) and (44) it follows that
f (x) = fˆ (x, e) = sup
(y,μ)∈M′
inf{x/y, e/μ} = sup
(y,μ)∈M′
sy,e/μ.
Hence for the setM defined by
M := {(y, d) ∈ X × K|(y, μ) ∈ M′, d = e/μ}
we have (80).
Conversely, assume that (80) is satisfied for some subset M of X × K. Recall that by Remark 13 (f)
the functions sy,d are subtopical. Then f is increasing, as a supremum of increasing functions, and f is
subhomogeneous, as a supremum of subhomogeneous functions. Thus f is subtopical. 
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